We summarize in this note a few theoretical and numerical results described with more details in the forthcoming paper [5] devoted to a new phase eld model for approximating mean curvature ows. Our work is motivated by the simulation of multiphase mean curvature ows with possibly inhomogeneous surface tensions and mobility coe cients. The key aspect of our model is to incorporate the mobilities not in the phase eld energy (which is conventionally the case) but in the metric which determines the gradient ow. We show the consistency of such approach by a formal analysis of the sharp interface limit. We also propose an e cient numerical scheme which allows us to illustrate the advantages of the model on various examples, as the wetting of droplets on solid surfaces or the simulation of nanowires growth generated by the so-called vapor-liquid-solid method.
Introduction
Many physical systems involve a collection of interfaces whose positions and shapes are constrained so as to minimize their total area, e.g., soap foams, immiscible uids, polycrystalline materials, etc. A typical expression of the total area is i≠ j σ ij Area(Γ ij ), where {Γ ij } i≠ j denote the interfaces, and {σ ij } i,j are the so-called surface tensions. Depending on the context, the area energy may be either isotropic (like for soap foams) or anisotropic (as for polycrystalline materials). Starting from a given interfacial con guration, the energy gradient ow toward a minimizing con guration follows two rules [23] :
• Every interface evolves by mean curvature ow, i.e., at every point x ∈ Γ ij which is not a junction point between three of more interfaces, the normal velocity V ij of the interface Γ ij is proportional to its mean curvature, further denoted as H ij . More precisely, m ij V ij = σ ij H ij , where m ij is called the mobility of interface Γ ij .
• The Herring's angle condition holds at every triple junction, i.e. if x is a triple junction between phases i, j, and k then σ ij n ij + σ jk n jk + σ ki n ki = , where n ij denotes the unit normal at x to Γ ij , pointing from Ω i to Ω j . Here, we denote by {Ω i } i the collection of relatively closed sets which form the phase partition, so that Γ ij = Ω i ∩ Ω j . Herring's condition holds if and only if the surface tensions satisfy the triangle inequality σ ik ≤ σ ij + σ jk , ∀i, j, k.
It is important to notice that surface tensions appear both in the geometric energy and in the gradient ow, whereas mobilities play a role only in the gradient ow. This observation is a key to the approach that we propose in [5] .
There is a vast literature on numerical methods for the approximation of mean curvature ows, which can be roughly classi ed into four categories: (i) parametric methods; (ii) level set methods; (iii) convolution/thresholding type algorithms; (iv) phase eld approaches, see [5] for a few bibliographic references. In this paper, we focus on phase eld methods, which can be used in many various physical situations, and o er both nice theoretical properties and numerical e ciency. A phase eld model able to approximate a multiphase mean curvature ow with mobilities, as above, has been proposed already in [20] . However, as we shall see later, this model is not well suited from a numerical viewpoint for handling highly contrasted or degenerate mobilities. We propose in [5] a new method which is more adapted, and both e cient and numerically accurate. Our motivation for this work comes from a real example where high contrast of mobilities can be observed: the growth of nanowires by the so-called vapor-liquid-solid method. We will discuss a model for simulating a simpli ed approximation of such growth.
. Nanowires grown by the VLS method
Nanowires represent the classical prototype of one-dimensional nanostructures and o er unique mechanical [41] , electronic, and optical properties [14, 28, 34] . Thanks to these properties, nanowires have been used as elementary building blocks for the realization of nanoscale devices [24, 27] and in fundamental condensed matter physics [31] . Among the various fabrication techniques, the vapor-liquid-solid growth method (further denoted VLS) is the most widespread [39] . Roughly speaking, the VLS method uses liquid nano-droplets catalysts on crystalline surfaces (as Au droplets for Si nanowires growth [38] or 3rd group elements droplets for III-V nanowires [25] ) and controlled external ux of atoms in a vacuum chamber, so that, at a certain concentration inside the droplets, solid phase nucleates at the liquid/solid interface. Repeated nucleation generates nanostructures headed by nano-droplets. Even if the basic bricks of the growth process are well-understood (see [21, 22, 26, 37] ), a uni ed model able to simulate the entire growth process at realistic time and length scales is still missing.
The basic physical phenomena involved in the VLS growth are: (a) super cial di usion of adatoms at the free-substrate surface (b) incorporation of adatoms either by direct ux, (i.e. across the droplet free-surface) or by surface di usion (i.e. across the boundary of the interface between the liquid droplet and the solid substrate), (c) di usion of adatoms in the liquid droplet and (d) solidi cation at the liquid-solid interface. Clearly, (a), (b), and (d) are surface phenomena.
To the best of our knowledge, the challenge of a uni ed model able to describe nanowires growth by VLS has been only partially adressed in [35, 40, 42] . We propose and study in [5] an isotropic quasi-static AllenCahn multiphase eld model as a rough approximation of the real anisotropic case. This is a rst important step because, in contrast to the binary case where the phase eld theory is well-understood, the multiphase case remains an active research topic.
We consider the VLS catalytic-growth process in the generic situation of steady growth conditions under constant isotropic external ux of adatoms, xed substrate temperature, and for low density of nanowires. The shape of the nanowire and its near environnement can be modelled by using a partition of an open box
and Ω S are relatively closed subsets of Q which represent the vapor, liquid and solid phases, and satisfy for all i, j ∈ {V , L, S}, i ≠ j:
with the convention Γ ii = ∅. In Figure 1 we illustrate the sets Ω V , Ω L , Ω S and the interfaces Γ ij by using an isolated nanowire obtained by the VLS catalytic-growth method. We notice the almost spherical shape of the catalytic droplet, which is a result of the minimization of the surface energy at the LV interface, and we also notice the decrease of nanowire's radius in the rst stages of the growth (see nanowire's foot). Scanning electron microscopy image of an isolated nanowire on a cristalline substrate. The nanowire is made of GaAs which appears to be facetted, while the catalyst droplet is made of Ga and exhibits a spherical shape. The sample was grown on a Si(111) substrate by molecular beam epitaxy [9] . Left image includes an isolated nanowire (inset) and also several droplets (spherical caps) with crystalline material attached to it (left upper corner). This morphology is also a common situation in VLS growth. The right picture is a zoom of the inset in the left picture where we illustrate the domains Ω S , Ω L and Ω V . In the actual (oblique) perspective the planar substrate, which is also a part of Ω S , covers the background of the image.
Evolution of the nanowire shape is driven by the total interfacial energy
where H d− is the (d − )-dimensional Hausdor measure [3] , and σ LS , σ VL and σ SV represent the surface tension coe cients between the liquid-solid, the vapor-liquid and the solid-vapor phases, respectively. As the L -gradient ow of the multiphase perimeter functional J tends to minimize the surface energy, some additional constraints have to be imposed in order to include the essential qualitative features of the physical problem. Motivated by physical observations and modeling we assume that, given an evolving par-
• The velocity of the nanowire growth is proportional to the area of the solid-liquid interface, i.e. Vol(
By using classical Lagrange multipliers which account for both the partition and volume constraints, we obtain the following system:
where m·· and H·· denote the mobilities and the mean curvature vectors at interfaces. As the solidi cation is located only at the solid-liquid interface Γ LS , the mobilities m SV and m VL should be chosen to be several orders of magnitude lower than m LS . This physical requirement is particularly di cult to account for within classical phase eld models.
. Classical phase eld approximation (without mobilities) . . Perimeter gradient flow and Allen-Cahn equation
We start with the case of a single set Ω ⊂ R d which evolves following the normal velocity law Vn = mH. By a simple time rescaling, we can assume without loss of generality that m = . As above, H denotes the mean curvature of ∂Ω and the evolution equation coincides with the L -gradient ow of the perimeter functional
We recall that the basic principle of the phase eld method is to replace the discontinuous characteristic function 1 Ω by a smooth approximation u, and the singular perimeter energy by the smooth van der Waals-Cahn-Hilliard functional [13] :
where ε is a small parameter and W is a suitable double-well potential, e.g. W(s) = s ( − s) . In this framework Modica and Mortola [30] proved that Pε tends to c W P in the sense of Γ-convergence for the L topology, where c W = W(s)ds and
+∞ otherwise.
Modica and Mortola showed that 1 Ω can be approximated by the smooth functions
Here, dist(·, Ω) denotes the signed distance function to Ω and q is the socalled optimal pro le associated with the potential W, de ned by
where p ranges over all Lipschitz continuous functions p : R → R. A simple derivation of the Euler equation associated with this minimization problem shows that 
where u ε solves the Allen-Cahn equation with initial condition
A formal asymptotic expansion of u ε near the interfaces [6] shows that, at least formally, u ε is quadratically close to the optimal pro le, i.e. u ε (x, t) = q dist(x,Ω ε (t)) ε +O(ε ), with associated normal velocity V ε satisfying
More rigorously, the convergence of ∂Ωε(t) to ∂Ω(t) has been proved for smooth motions by [7, 16, 17] with a quasi-optimal convergence order O(ε | log ε| ).
. . Multiphase eld approximation in the additive case
Using the inclusion-exclusion principle for a three-phase material, the nanowire surface energy can be expressed as
where
are non-negative numbers due to the triangle inequality. This reformulation is important because it replaces interfacial areas by the area of volume boundaries, which opens the way to a phase-eld approximation (recall that a phase eld approximates characteristic functions of volume sets). The same principle applies for the general N-phase case when the surface tensions are additive, i.e., there exist nonnegative numbers {σ i } i such that σ ij = σ i + σ j for any i ≠ j (when N ≤ , any collection of surface tensions satisfying the triangle inequality is additive). In this very case, the N-phase perimeter functional can be written as
It appears immediately that P can be approximated by the multiphase Cahn-Hilliard energy de ned for
If u ε is such that lim inf Pε(u ε ) < ∞ then, by Modica-Mortola's Theorem [30] , up to a subsequence, u
The Γ-convergence of Pε to c W P is was established in [32] for the particular case where σ i = , ∀i. More general Γ-convergence results were obtained in [4, 11] for inhomogeneous surface tensions σ ij , while multiphase eld models in the context of anisotropic surface tensions were introduced and analyzed in [19, 20] . The L -gradient ow of Pε leads to the following Allen-Cahn system
where the Lagrange multiplier eld λ ϵ encodes the partition constraint
By using the method of matched asymptotic expansions developed in [8, 12, 19, 29, 33] , we prove formally in [5] the following result:
, the solution u ε of (2) expands formally near the interface Γ ij
Moreover, the associated normal velocity satis es V ε ij = σ ij H ij + O(ε).
These formal results indicate that the phase-eld model (2) is consistent but its solutions converge not faster than a linear order in ε.
In order to improve the convergence order we consider the slightly modi ed phase eld system
where, again, the Lagrange multiplier eld λ ϵ encodes the partition constraint
The idea to localize the Lagrange multiplier λ near the di use interface has been recently proposed in [10] in order to improve the accuracy of the two-phases model. In our case, we show in [5] that, at least formally, Claim 1.2. Near Γ ij , the solution u ε of (3) expands formally as
Therefore, solutions to the new model (3), converges quadratically (at least formally) to the optimal pro les.
. Incorporation of mobilities . . The energetic viewpoint
It was proposed in [20] to incorporate the mobilities m ij directly in the Cahn-Hilliard energy by considering a model of the form
where f (u, ∇u) = i<j m ij σ ij u i ∇u j − u j ∇u i and the multi-well potential W is de ned by
The term i<j<k σ ijk u i u j u k can be regarded as a penalization, with the coe cient σ ijk being chosen suciently large to ensure the convergence of Pϵ to the multiphase eld perimeter P. As the mobility appears in the energy (and not only in the ow of Pϵ), it can be expected that the size of the di use interface Γ ij depends on the mobility m ij . This can be easily seen already for the two-phases case. Take indeed the modi ed Cahn-
for which the classical L -gradient ow reads as u t = m∆u − mε W (u) (up to time rescaling). The matched asymptotic expansion method [8, 12, 33] applied to this equation gives a solution of the form:
with the associated velocity law
Obviously, the mobility plays a role in the size of the interface. Generalizing to the multiphase case, each mobility m ij will impact explicitly the size of the di use interface associated with Γ ij . From the numerical point of view, this approach raises a signi cant limitation for high contrast mobilities and, in particular, it cannot be used for degenerate, i.e., vanishing mobilities.
Another issue with this model is related to the di erence of nature between surface tensions and mobilities: whereas surface tensions are geometric parameters which appear in the sharp energy, mobilities are typically evolution parameters which play a role out of equilibrium. This is why we propose to incorporate mobilities not in the geometric energy but rather in the metric used for de ning the gradient ow.
. . A new approach: the metric viewpoint
We propose in a novel approach to incorporate the mobility so as to handle the special case of degenerate mobilities. The idea is to introduce the gradient ow of Pϵ with respect to a weighted scalar product Of course, the new metric cannot be explicitly de ned for vanishing mobilities. However, because the size of the interface does not depend on m, arbitrary small values of m can be used without any loss in numerical e ciency. Let us now examine how, in the multiphase case, A can be rst easily de ned for a speci c class of mobilities (which will be called harmonically additive), and then for more general mobilities.
. . . Harmonically additive mobilities
Let us rst assume an additivity property for the mobility coe cients, i.e, there exist some non negative coe cients m i such that
This assumption has no clear physical justi cation, yet, it makes sense in a few situations. 
The associated L A -gradient ow gives the following Allen-Cahn system:
where the Lagrange multiplier eld λ ϵ is again associated to the constraint u ϵ i = . For this particular category of mobilities, we derive formally in [5] the following result: Claim 1.3. Around the interface Γ ij , the solution u ε to (4) has the following form (at least formally):
Therefore, this multiphase eld model with harmonically additive mobilities has quadratic convergence in ϵ.
. . . General mobilities
The above additivity assumption is clearly not always satis ed, for instance m = , m = , and m < . is a natural choice of mobility coe cients for which the harmonic inequality fails. However, even for general mobilities, one can still prove a convergent property, yet less optimal, i.e. of order one rather than two. De ne indeed
whose associated L -gradient ow is
where, for all k ∈ { , , · · · , N},
The Allen-Cahn system (5) is well-posed as soon as A is semi-de nite positive on ( , , · · · , ) ⊥ , which in turn imposes some restriction on the choice of the mobility m ij (see [11] for a similar discussion about surface tensions).
We show in [5] , at least formally, that the solution u ε to (5) has the following form.
Claim 1.4. Around the interface Γ ij , the solution u ε to (5) is, at least formally, of the form
We conclude that this multiphase eld model is of order one only. In practice, of course, as soon as the harmonic additivity is satis ed, we shall opt for the model described in the previous section.
. . Application to the modeling of nanowire growth
We recall that the nanowire growth can be modeled as the evolution of a partition Ω = (Ω L , Ω S , Ω V ) with the following velocities at boundaries:
where λ(x, t), µ L (t), µ V (t) and µ S (t) correspond to the Lagrange multipliers associated to the partition constraint and to the volume constraint, respectively. We further assume that the mobility coe cients satisfy The phase eld approximation of this model is given by the M − L -gradient ow of the multiphase Cahn
Hilliard energy
where λ(x, t), µ L (t), µ V (t), and µ S (t) encode both the partition constraint
and the volume constraints :
Numerical scheme and simulations
We introduce in this section a numerical scheme to approximate solutions to the following systems:
• the Allen-Cahn system with mobilities but without volume constraints :
with N k= u k = .
• the Allen-Cahn system with mobilities and volume contraints :
with N k= u k = and Q u k dx = Vol k (t). The multiphase eld model for VLS growth can be regarded as an Allen-Cahn system with additional volume contraints for the three phases u = (u S , u L , u V ). In this special case the potentials G k are de ned by
We consider the solution to the Allen-Cahn system for times t ∈ [ , T], in a computation box Q with periodic boundary conditions and with the initial condition u(x, ) = u . We also assume that u satis es the partition constraint N k= u k = . We propose a standard Fourier spectral splitting scheme [15] to compute numerically the solution to the above Allen-Cahn systems. We recall that the Fourier K-approximation of a function u de ned in 
. Scheme overview
We now introduce a time discrete sequence u n for the approximation of u at times nδ t . This sequence is de ned as follows for each problem under study:
. . . Allen-Cahn system without volume constraints:
Step :L -gradient ow of the Cahn-Hilliard energy without constraints: let u n+ / be an approximation of v(δ t ) where v = (v , . . . , v N ) is the solution to:
v(x, ) = u n (x), ∀x ∈ Q with periodic boundary conditions.
Step :Projection onto the partition constraint: for all k ∈ { , , . . . , N} de ne u n+ k
. . . Allen-Cahn system with volume constraints:
Step :L -gradient ow of the Cahn-Hilliard energy without constraint: let u n+ / be an approximation of
, ∀x ∈ Q with periodic boundary conditions.
Step :Projection onto both the partition and volume constraints: for all k ∈ { , , . . . 
. Solving step one with a semi-implicit Fourier spectral scheme
To compute u n+ / we use a semi-implicit numerical method. To this end, we consider the equation
where α is a positive stabilization parameter. It is known that the Cahn-Hilliard energy decreases unconditionally [18, 36] 
We prove in [5] that λ = (λ , λ , . . . , λ N ) solves the linear system
Notice that the linear system (I d − A)λ = b admits at least one solution and, for stability reasons, we may assume in addition that i λ i = .
. Validation of the approach for highly contrasted mobilities The phases Ω , Ω and Ω are represented in blue, red and green colors, respectively. All numerical experiments have been performed with the following numerical parameters: N = , ϵ = /N, δ t = /N and L = L = . In particular, we can notice on this simple example the in uence of the surface tensions σ on the evolution of the triple points (so as to satisfy Herring's condition) and the in uence of the mobilities only on the velocity of each interface. Another important remark is that the width of the di use interface depends only on ϵ; it does not depend neither on the surface tensions σ nor on mobilities m. We believe that this is a major advantage of our approach.
. . . Simulation of wetting phenomena
Our phase eld model can also handle the case of the evolution of a liquid phase on a xed solid surface by simply imposing a null mobility of the SV and SL interfaces, i.e. m LS = m SV = . Young's law [43] gives the contact angle θ of the liquid on the solid, i.e. cos(θ) =
. In contrast to other models, there is no need with our approach to prescribe this angle numerically: it is implicitly given by the energy minimization combined with null mobilities, which has the nice advantage of limiting numerical artifacts. Figure ( and using respectively σ = ( , , ), σ = ( , . , ) and σ = ( , , . ). The liquid, vapor, and solid phases are represented in red, blue and green colors, respectively. Numerical computations were performed using N = , ϵ = /N, δ t = /N , and L , = L = for each experiment.
. Phase eld numerical approximation of nanowire growth
Figures (4) and (5) As already mentioned, this particular choice is physically sound, and guarantees that mobilities are harmonically additive, see the discussion in Section 1.3.3. The evolution process is split in two steps :
• For t ≤ T growth = . the multiphase Cahn-Hilliard energy is minimized with all equal mobility coefcients and without increase of the solid phase, i.e. cs = . The aim of this rst part is to recover the wetting phenomena and to approximate the optimal initial shape of the liquid phase (such shape is obtained in [5] with calculations based on sharp theory) Figure 4 and σ Au−Si( ) = ( . , . , . ) in Figure 5 . In each series of images, the rst one is the initial shape, and the second image shows the optimal shape at t = T growth (see above). In both experiments, the magenta curve represents the optimal nanowire shape as derived in [5] . These two numerical simulations illustrate clearly the ability of our numerical approach to approximate in a very realistic way the quasi-static nanowire growth.
Lastly, Figure 6 shows a full 3D numerical simulation obtained using σ iso = ( , , ), 
Conclusion
We showed in this note and in [5] that multiphase mean curvature ows can be approximated consistently with a phase eld method even when highly contrasted, or even degenerate mobilities are involved. The key is to incorporate the mobilities in the metric used for computing the gradient ow of the multiphase perimeter energy. It appears, at least formally, that the di use approximation obtained with our model converges to the sharp interface solution, and the convergence has the same order, when mobilities are harmonically additive, as the convergence of the binary phase curvature ow. We also proposed a new quasi-static isotropic approximation of nanowires growth. Numerical simulations of both growing nanowires and droplets wetting on a 
Figure 4:
Simulation of a D nanowire evolution using σ iso = ( , , ), captured at di erent times (from left to right and top to bottom). Starting from the initial con guration, the second image shows the result of the evolution without increase of the solid phase volume and with equal mobilities. Then, the quasi-static model with volume increase and inhomogenous mobilities is used for simulating the other con gurations. The purple line represents the theoretically expected pro le derived in [5] using sharp theory arguments. Simulation of a D nanowire evolution using σ Au−Si( ) = ( . , . , . ), captured at di erent times (from left to right and top to bottom). Starting from the initial con guration, the second image shows the result of the evolution without increase of the solid phase volume and with equal mobilities. Then, the quasi-static model with volume increase and inhomogenous mobilities is used for simulating the other con gurations. The purple line represents the theoretically expected pro le derived in [5] using sharp theory arguments.
Figure 6:
Simulation of a D nanowire evolution using σ iso = ( , , ), captured at di erent times (from left to right and top to bottom). Starting from the initial con guration, the second image shows the result of the evolution without increase of the solid phase volume and with equal mobilities. Then, the quasi-static model with volume increase and inhomogenous mobilities is used for simulating the two last con gurations.
solid surface con rm the quality of our model. Extension of our approach to the more realistic anisotropic case is ongoing work.
